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1. Introduction

Although the Feynman path-integral formulationl offers a general
approach for treating quantum-mechanical systems, only several problems can
be solved exactly. Two of these are the driven harmonic oscillator with a
quadratic Hamiltonian2 and the time-dependent damped driven harmonic
oscillator.3 A number of situations such as superconducting quantum
interference devices,a quantum noundemolition measurment:s,5
magnetohydrodynamics,6 etc., can be described by driven copuled harmonic
oscillators. Introducing the Caldirola-Kanai Hamiltonian,7 one can obtain
the time-dependent Schroedinger equation for the damped harmonic oscillator.
However, it has been a matter of debate as to whether or not this
Schroedinger equation represents the quantum mechanical dissipative system.
Some worker59 claim affirmation while otherslo object to it. This problem
has been critically reviewed by Greenberger11 and Cervero and Villaroel.12

The purpose of this paper is to derive the propagator for a driven
coupled harmonic oscillators (DCHO) system from our previous work13 for both
coupled and coupled driven harmonic oscillators by means of the path-
integral method. We introduce two harmonic oscillators that are coupled
together with another spring. We review the classical case and construct
the form of the propagator for DCHO, respectively, in Secs. 2 and 3.
Section 4 gives the exact derivation of the propagator for the coupled
harmonic oscillators (CHO), and in Sec. 5 we evaluate the exact propagator _
for DCHO by using the results obtained in Sec. 4. The energy expectation ‘*‘ji?’L’J

values of CHO are evaluated in Sec. 6, 2nd finally we give results and

ad

discussion in Sec. 7. ) o _
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2. Classical case

In this section we consider a system of two harmonic oscillators which
are coupled together by means of another spring. We assume that the masses
of the oscillators and three spring constants are all the same. Let the
forces fl(t) and fz(t) exerted on the two oscillators and their

displacements be Xy and X,. Then the Hamiltonian for DCHO can be written as

JL 2 2 2,2 2, . .
H = 52 (P1+Py) + mo”(xX]-X;X,%5) - £,(6)%y - £,(€)%y (2.1)
where wz = k/m. Hamilton's equations of motion for Eq. (2.1) are

il - py/m (2.2)
iz - py/m (2.3)
51 - mwz(xz-le) + fl(t) (2.4)
By = mo’(x)-2%y) + £,(¥) (2.5)

Equations (2.1)-(2.5) yield the Lagrangian,
L = (p X +PyX,) - H
m ,22,:2 2,2 2
-9 (x1+x2) - mw (xl-x1x2+x2) + fl(c)x1 + fz(t)XZ ' (2.6)

with the corresponding equations of motion




s

x) + w2(2x1-x2) - £,(t)/m (2.7)
xy + w0 (2xy-%)) = £,(E)/m (2.8)
The classical solutions of Egqs. (2.7) and (2.8) are given by

X, (t) = A sin(wt) + B cos(wt) + C sin(/3wt) + D cos(/3wt)

t T .
+ j dr I dy elw(2r-v-t) (£, + £,00) (2.9)

and

xz(t) = A sin(wt) + B cos(wt) - C sin(/3wt) - D cos (J3wt)

t T
+ I dr J dy et@(27-v-T) [£,(0) - £,00] (2.10)

3. Path integral of driven coupled harmonic oscillators
In the path-integral formulation, the solution of the Schroedinger

equation is given as the path-dependent integral equations with propagator

K,
- ' ] . . ' ’ ' 3.1
¢(x1,x2,t) J dxidx) K(xy,X,,t; xl,xz,O) ¢(x1,x2,0) , ( )
which gives the wavefunction ¢(x1,x2,t) at time t in terms of the wave

function ¢(xi,xé) at time t = 0. The propagator in Eq. (3.1) can be written

by means of the Feynman path integral

e ~— -



(X1.%5,¢)
K(x1'xz't?xi'xé'°) - o Dx(t) exp[(i/K)S(x{,%X,,%],%5; €) (3.2)
(x1,%5,0)
where
p N-1 2
Dx(t) = lim &+ T [dx,.dx,./A°] (3.3)
Noso A jul 15 72]

and S(xl.xz,xi,xé; t) is the action defined as the time integral over the

Lagrangian L(il,iz.xl,xz; t) between t = t and t = O:l
t L] .
S(xl,xz,xi,xz;t) - JO dt L(xl,xz,xl,xz; ) . (3.4)
In Eq. (3.3) A is the normalization factor given by
e :
A = [2xiHe/m] , e = lim(t/N) . (3.5)

N-

Substituting Eq. (2.6) into Eq. (3.4), the action becomes
S(xl’xz'xi'xé; t) - Sc(xlvxszi;xé; t)
¢ me2 o2 2.2 2 36
+ o dr oy () + yy(r) - %[y (r) - Y(PIy(r) +y5(n) ], (3.6)

where Sc is the classical action and Yy is the deviation of xi(t) from its

classical path X,y 8glven as




i = %5 7 Xy - (i =1,2) (3.7)

Then the propagator [Eq. (3.2))] can be expressed as

is_/i
K(xl,xz,t; xi,xé,O) = F(t) e . (3.8)

Here, F(t) is the multiplicative function given in the form

) ¢ 2 2 2,2 2
F(t) = Dx(t) (exp [(im/2K) de (y] + ¥, - 27(y] - yq¥, * vy 1)
0 0

(3.9)

It is easy to show that F(t) has the same form for CHO and DCHO. Therfore,
the prcpagator depends only on the classical action in both cases. In Eq.

(3.9). change the variables Xy + X, into

1

zl - ﬁ (xl - xz) (3.10)
- -1

z, > (x1 + x2) , (3.11)

we can reduce the condition (¥1,¥9) = (0,0) to (z;,2,) = (0,0). Applying

Eqs. (3.10) and (3.11) to Eq. (3.9), the multiplicative function becomes

c L]
F(t) = J jo Dz(t) (exp((im/2K) I Dz(t) [(é%-wzz%) + (z§-3w2z§)]} ,
0 0

(3.12)
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In Eq. (3.12), J becomes unity.

If the action is separated into the functionals with only same
variables in the path integral, then this integral can be represented by the
multiplication of path integrals with each variable. Therefore, Eq. (3.12)

becomes

F(t) = F () Fy(t)




€ 2 2.2
- (jo Dzl(t) exp ([ (im/2K) Jo dt (zl-w zl)])

o

t
X (Io Dzz(t) exp[ (im/2}1) J dt (i§-3w2z§)]) . (3.14)
0 0

Since Fl(t) and Fz(t) are the path integrals of the harmonic oscillator, the

evaluation of Eq. (3.14) gives

mo 3 b
- e .15
F(t) = Jnik [sin(wt) sin(jiuc)] (3.15)
Hence, the propagator of DCHO can be written as
is /M
. [ BT 3.16
K(xp, %y, 85 %1,%5.0) ZRiM[sin(wt) sin(JBwt)] ( )

4. Propagator for the coupled harmonic oscillators
To evaluate the exact propagator expressed by Eq. (3.16), we should

first obtain the propagator for CHO. The classical action of CHO is

t
_ m:2 22, 2,2 2 4l
S¢ f dr QX ¥Xeg) - Mo (X 1% X o+X 5)) (4.1

where xcl and icl are the classical path and velocity, respectively.

Integrating Eq. (4.1) over the time, we get

m ° . t t m .o 2
S¢ = 2(xc1xc1+xc2xc2)|0 ) IO dr 3 Xy (Xep e (2% %))




C "
m 2
) I dr 2 xc2(xc2+w (zxc2-xc1))

- % [xcl(t)icl(c)+xcz(:)icz(c)-xcl(O)icl(O)-xcz(O)icz(O)] . (6.2)

Here the second and third terms become zero because of the equations of

’ motion [see Eqs. (2.7) and (2.8)], given as

Xy + w2(2x1-x2) -Nn (4.3)

Xy + w2(2x2-x1) -0 . (64.4)

To obtain the exact expression of Eq. (4.2), we solve Eqs. (4.3) and (4.4)

to obtain
Xy = xl(t) = A sin(wt) + B cos(wt) + C sin(/3wt) + D cos(/3wt) (4.5)
Xy = xz(t) = A sin(wt) + B cos(wt) - C sin(J/3wt) - D cos(J3wt) , (4.6)
and il and iz are given, respectively, by

il - il(c) - w{A cos(wt) - B sin(wt) + J3C sin(/3wt)
- 3D sin(3wt)) (4.7)

He
N
]

iz(t) = w{A cos(wt) - B sin(wt) J3C cos(SIwt)

+ /3D sin(3wt)} . (4.8)




Equations (4.5)-(4.8) give

xi - xl(O) -~ B + D (4
xé - XZ(O) =B -D 4.
ii - x,(0) = w(A < J30) (6
ié - iz(O) - w(a - J3C) . (4.
The time-dependent constants A, B, D and D obtained from Eqs. (4.5) and
(4.6), and Eqs. (4.9) and (4.10) can be expressed as
A = [l sin(wt)] (X, + %X, - (x! + xX4) cos(wt)) (4.
2 1 2 1 2
D ) (4
B = 5 (x1 + XZ) .
C = [% sin(/3wt) ] (xl - Xy + (xi - xé) cos(JS3wt) ) (4.
1
- [ 4
D=3 (xl xz) . (

Substitution of Eqs. (4.5) -(4.16) into (4.2) gives the classical action:

S¢ T " ‘("i + "% txp 4 x;gz)lcot(wt) + /3 cot(J3wt)])

+ 2(xyx, + xix)) [cot(wt) - J3 cot (J3wt)]

.9

10)

.11)

12)

13)

14)

13)

.16)

10

—~—————
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- 2(xqx] + xo%)) ([1/sin(wt) + J3/sin(f3wt) ]}
+ 2(xyx5 + x,%]) [-1/sin(et) + (J3/sin(J3wt) ] . (4.17)
Combining Eqs. (4.17) and (3.16), we obtain the propagator for CHO:

L
K(xy,%,, 5 X7,%5,0) = Effi [/3/sin(wt) sin(/3wt)]

2

+ xi + xéz)[cot(wt) + /3 cot(/3wt)]

X exp((imw/&h)[(x% + x%

+ 2(xyxy + x1x5) [cot(wt) - 3 cot(S3wt)] - 2(xlxi + x2Xé)[1/Sin(wt)

+ [3/sin(f3wt)] + 2(x x5 + xX,x1) [-1/sin(et) + J3/sin(S3wt) )

(4.18)
5. Propagator for driven coupled harmonic oscillators

When we set fl(t) - fz(t) = 0, DCHO reduces to CHO, whereby we can

write the propagator for DCHO as
K(x,,%,,t; x!,%,,0) = ex [a(t)x2 + b(t)x,x, + c(t)x2 + d(t)x
1727 172 P 1 1%2 2 1
+ S(C)xz + h(t)] . (5.1)

Here a(t), b(t), c(t), d(t), £(t) and h(t) are time-dependent functions
including xi and xé, which need to be determined. Equatien (5.1) must

satisfy the Schroedinger equation




“::*1-‘

iH(3K/3t) = H K

Substitution of Eq. (5.1) into Eq. (5.2) gives the time-dependent

coefficients

Since

ace) = M 4a?e) + (o)) + mol/in
b(e) = B (an?(e) + (o)) + m/in

e(t) = B fa(nre(e) + bore(o)] - mol/iK

ace) = & 2ayace) + cogo)) + e ©
g(e) = 12p(e)ge) + c(wam] + &g,

h(e) = 38 [(a%(t) + g%(e) + 2a(t) + 2b(e)]
Eqs. (5.3) and (5.4) have the same form, we get

a(t) = b(t)

(5.

(5.

(5.

(5.

(5.

(5.

(5.

(5.

Substituvting Eq. (5.9) into Eq. (5.5) and changing the variables a and ¢

into

n=a+c¢c/2 |,

{=a-c¢/2 ,

(5.

(5.

2)

3)

4)

3)

6)

7)

8)

9)

10)

11)

12
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we obtain two ordinary differential equations:

2

e _2iH 2 mw”

n m n o+ 2iK (5.12)
> _ 2iH 2 3m’ (5.13)
=" ¢ *2ip :

The solutions of Egqs. (5.12) and (5.13) are given by

iwm

n = 2 cot(wt + 91) (5.14)
¢ - lzéﬁg cot(/Iwt + 6,) (5.15)

where 01 and 02 are the constants to be determined. The time-dependent
coefficients a(t), b(t) and c(t) obtained in comparison with Eqs. (5.10},

(5.11), (5.14) and (5.15) are given as

a(t) = b(t) = ifﬁ (cot(wt + 8,) + J3 cot( 3wt + 6,)] (5.16)
c(t) = i%ﬁ [cot(wt + ;) - J3 cot(SIwt + 6,)] : (5.17)

Equations (5.16) and (5.17) do not include the driven forces fl(t) and
fz(t). Therefore, through setting fl(t) - fz(c) = 0, Egs. (5.16) and (5.17)
do not change at all and should be equal to the coefficients of x% and xg in

Eq. (4.18). Comparison of these two equations shows 64, and §, to be zero.

1 2
Substituting Eq. (5.9) into Eqs. (5.6) and (5.7) and changing variables d

and g into
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d+g (5.18)

d-g , (5.19)

we obtain the two differential equations

b= B2age) + (] o+ HE O + 01 (5.20)

o - iH[Za(t) +c(t)] o+ ﬁ[fl(t) - ()] (5.21)

Combining Eqs. (5.20) and (5.21) with Eqs. (5.16) and (5.17), we obtain the

solutions
t :
p = [1l/sin(wt)] (I dr 1 [E5(r) + £,(r)] sin(wt) + a} (5.22)
0 K1 2
t .
g o = [1/sin(/3wt)] (I dr ; (£,(r) - £,(n)] sin(/3wt) + /) (5.23)
0

where a and 8 are constants to be determined. We can obtain the time-
dependent coefficients d(t) and g(t) by substituting Eqs. (5.22) and (5.23)

! into Eqs. (5.18) and (5.19):

t
d(t) = [1/2}sin(wt)] I dr[fl(r) + fz(r)] sin(wr)
0

t
4 + [i/2Ksin(S3ut)] I dr(£,(r) - f,(r)] sin(/3wr)
0

1‘ + [a/2sin(wt)] + [B/2sin(S3wt)] (5.24)
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t
g(t) = [i/ZMsin(wt)] J dr [fl(r) + fz(r)] sin(wr)
0

t
- [1/2usin(j§w:)] I dr (£,(r) - £,(r)] sin(/3wr)
0

+ [a/2sin(wt)] - [B/2sin(f3wt)] . (5.25)

Substitution of Eqs. (5.16), (5.17), (5.24) and (5.25) into Eq. (5.8) yields

heey - - 2 (a%cor(ur) + (B2//3) cor(/Tur) ]

g

t
([a/mwsin(wt) ] I dr [fl(r) + fz(r)] sin[w(t-7)]
0

t
(8/Fawsin(/3wt) | Io gr [£,(r) - £5(r)] sinl/Tu(e-)]

+

t t
[1/4ifmwsin(wt) ] I dr I dv [£,(r) + £,()]
0 0

j X [fl(u) + fz(u)] sinfw(t-r))sin(wv)

+

t t
(1/6/3ifmw sin(/3wt)] I dr I v [£(r) - £5(1)]
0 0

X

(£,(0) - fz(u)]sin[jiw(c-r)J sin(/3wv) - In[sin(wt)

sin(J3wt) + § . (5.26)

X

Here, § is also a constant to be determined. When setting f,(t) = £,(t) =

0, Eqs. (5.24) and (5.25) should be reduced to the coefficients of Xy and




L .
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Xps and Eq. (5.26) should also be reduced to the terms in the exponent in

Eq. (4.18). Comparison between them gives the constants a, 8 and §:

a = %ﬁ (x] +x5) (5.27)
M ! ’
ﬁ - i)‘ (xl - xz) ) (5.28)
3kmw
§ = Bn(E;Ii) . (5.29)

Substitution of the above results into Eq. (5.1) gives the propagator for

DCHO:

K(x;,X,, t5 X],%5,0) = 22?% J3/[sin(wt) sin(/?w:)]}*

X exp i‘ﬂ% [(X§ + xg + xiz + xéz)[cot(wt) + S3cot(S3wt)]

+ 2(xyx, + xixé)[cot(wt) - J3cot(J3wt)] - 2(x1xi + xzxé)(l/sin<wt)
+ /3/sin(f3wt) ]

+ 2(xy%5 + x1X,) [-1/sin(wt) + J3/sin(f3wt) |

2x t
+ ;;l {{1/sin(wt)] Jo dr [fl(r) + fz(r)] sin(wr)

t
+ [1/sin(/3wt)] I dr [£,(r) - £,(r)] sin(J3wr))
0




2x2 t
e {[1/sin(wt)] JO

t
(1/sin(J3wt) ] J dr
0

Axi t
= {[1/sin(wt)]

t
[1/sin(/3wt)] I dr
0

Axé

[P

t
{[1/sin(wt)) J
0

t
[1/s5in(/3wt) ] Io dr

dr [fl(f) + fz(r)] sin(wr)

(£.(r) - £,(n))] sin(J/3wr)}

dr [fl(r) + fz(r)] sinfw(t-7)]
0

(£,(r) - £5,(r)] sin(/3wr))

dr [fl(r) + fz(r)] sin[w(t-7)]

(fl(r) = fz(f)) Sin(ﬁ“’f))

29 . t t
[1/m"wsin(wt) ] dr dv [fl(r) + f2(r)][fl(u) + fz(v)]
0 0

sinfw(t-7)] sin(wv)

t t
[1//3n%w?sin(/3wt) | Io dr Io W [£(r) - £,(0](E,() - £,()]

sin(J/3w(t-r)] sin(/?wv))]} .

17
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6. Energy expectation values of coupled harmonic oscillators

The Hamiltonian of CHO is

2 2 2,2
Ho- 32 (02 + 0 + ml (el - xyxy + x2) (6.1)

Using Eqs. (3.1) and (3.2) with Eq. (6.1), we obtain the Schroedinger

equation,
if(8/8t) ¥(x,%,.t) = Hop ¢(x1,x2,t) , (6.2)
where Hop is the Hamiltonian operator in which the momentum P; is changed

into p; = (V/i)(a/axi). Since Eq. (6.2) can be separated into time and

coordinate parts, we may write

-iH__t/H
K(t) = e °opP (6.3)

- - A
Hoplz,n> Epol 8> (4,n = 1,2,3,...) (6.4)

Here the states |2,n> are the complete set with energy eigenvalues of Hop'

Since the function with states |2,n> can be expressed by
¢2n(x1,x2) - <x1,x2|2,n> , (6.5)

the propagator at t > O becomes

-iﬂopt/H
R(x).%p, 85 X1.%5,0) = <x,x,]e |x{.x5>




.
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Mt“‘

[T PR

)

2

2

]

RN |

-iHo t/K
} <x1,x2|£n> <in|e P g n> <2’,n'|Xi.X’>
2' n

-iE, t/K

$on(X1:%p) € fn $hn(X5.%5) (6.6)

[]
N
= I g

Equation (6.6) should be the same as Eq. (4.18). Setting x; = X, and x) =

X, in Eq. (4.18) and integrating over Xy and X,, we get

-iElnc/M ‘ -iElnt/M
} I J dxldx2 ¢In(xl,x2) e ¢2n(xl,x2) - e (6.7)
n

and

[ o

X exp(%%g[(xl + xz)2 - ./§(x1 - x2)2][cot(wt) - 1/sin(wt) ]}

zfzh{ji/[sin(wc)sin(jiwc)]}”

% [sin(wt/2)sin(/§/2w:)]‘l . (6.8)

Hence, we have

-iE, t/K
} e WU L % [sin(wt/2)sin(/3/20t)] "

4 n

- (e twt/2, e-iwc)][e-ijiuc/z/(l i e-ijiwc))]
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- } } expt-iwt([ (L + %) + J3(n + %)]) . (6.9)
£=0 n=0

Therefore the expectation values of CHO becomes

Epp = ((2+3) + A+ Pl Ho . (6.10)

7. Results and discussion

In the previous sections we have obtained the exact propagators [Egs.
(4.18) and (5.30)] for CHO and DCHO by the path-integral method. The forms
of the propagators are new. Setting f(t) = 0, Eq. (5.30) is reduced to Eq.
(4.18). Although DCHO is a nonconservative system, the quantum-mechanical
problem for the momentum operator does not appear because the canonical
momentum is equal to the kinetic momentum in our derivation.13

Making use of Eq. (4.18), we have obtained the energy expectation
values (Eq. (6.10)] for CHO, given by the sum of two energy expectation
values corresponding to the quantum states of two oscillators. Even though
we have not evaluated the wavefunction of CHO, we may easily surmise that
the wavefunction will be given by the multiplication of two wavefunctions
for two oscillators. In the case of DCHO, one cannot easily apply Eq.
(5.20) to obtain the energy expectation values, since this equation cannot
be expressed in the form of Eq. (6.6), and one should recognize that the
energy operator is not equal to the Hamiltonian operator in a
nonconservative system.9

The evaluations for the wavefunctions, energy expectation values for

CHO and DCHO, and propagator and other physical quantities for n coupled and
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n driven coupled harmonic oscillators (arbitrary n) are in progress and will

be reported in the near future.
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